Li's Fourier factorization rule [J. Opt. Soc. Am. A 13, 1870 (1996)] was recently shown to be problematic to apply to highly conducting metallic gratings. We provide further information about the applicability of different differential methods and are concerned with the relation of observed numerical artifacts, the total number of retained space harmonics, the presence of both positive and negative permittivity inside the groove region, and the validity of Li's inverse rule. Two different cases corresponding to lossless and low-loss binary metallic gratings are considered, and it is shown that an increase in the number of retained space harmonics can relieve the presence of numerical artifacts. © 2008 Optical Society of America OCIS codes: 050.0050, 050.1950, 050.1960, 050.2770 Periodic structures composed of highly conducting materials are getting a new lease on life through the great potential of metallic structures in millimeter, submillimeter, and infrared frequencies, where good conductors such as silver and gold are very low loss; i.e., the real part of their refractive index is smaller than 0.1 [1] . Whereas the usual procedure of applying Li's Fourier factorization rule [2] enables differential methods to properly treat almost all grating structures in the visible range, it has been recently discovered that applying these methods to metallic gratings in TM polarization suffers from numerical artifacts especially in the near-infrared range, where the metallic structure happens to be highly conducting and extremely low loss [1, 3] . These numerical difficulties, not having been observed in TE polarization, have already been noticed by Popov [1], in which the potential reason behind the problem was suggested to be the violation of inverse rule validity and consequently the numerical inversion of the almost singular Toeplitz matrix made from the Fourier coefficients of the permittivity profile. This latter point, i.e., numerical difficulties in the inversion of illconditioned Toeplitz matrices, was, however, questioned in a recent paper by Watanabe [3], where the corresponding condition numbers of the involved Teoplitz matrices were calculated and shown to be not large enough to produce such instabilities. Having refuted this possibility, Watanabe goes on and relates this problem to the similar difficulty usually observed in plasma slabs. In this fashion, the origin of the observed numerical artifacts was attributed to the presence of both positive and negative permittivity inside the grating region [4] . He then implicitly ascribed the artifacts to the rigorous coupled wave method (RCWM) algorithm and proposed the differential method based on the implicit midpoint scheme (DM-IMS) as a much more stable approach. In this Letter, all these points are further investigated, and it is shown that the correct implementation of RCWM, based on enhanced transmittance matrix [5] or the unconditionally stable S-matrix method [6] , can even outdo the differential method. It is also shown that the violation of inverse rule validity in highly conducting structures, as suggested by Popov [1] , is in fact related to the presence of both positive and negative permittivity inside the groove region, as suggested by Watanabe [3] . Further points on the relation of observed numerical artifacts, the total number of retained space harmonics, and the validity of the inverse rule are given. A typical binary grating geometry, as considered in this Letter, is shown in Fig. 1 . In the first numerical example, the grating is illuminated with a TMpolarized plane wave (the H field is parallel to the y axis), and the values of parameters duplicate those of [2, 3] , i.e., the angle of incidence is = 30°, the wavelength of the incident wave is = 632.8 nm, and other parameters according to Fig. 1 are d = ⌳ G = 500 nm, n c = 1 (the vacuum's refractive index), and n s =−10j (a lossless metallic substrate). The minus-first reflected order diffraction efficiency of this structure is then plotted in Fig. 2(a) versus the groove width g. In this calculation, the total number of retained harmonics is fixed at 31, i.e., the truncation order N = 15. In this figure, a RCWM with an enhanced transmittance matrix approach 
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A typical binary grating geometry, as considered in this Letter, is shown in Fig. 1 . In the first numerical example, the grating is illuminated with a TMpolarized plane wave (the H field is parallel to the y axis), and the values of parameters duplicate those of [2, 3] , i.e., the angle of incidence is = 30°, the wavelength of the incident wave is = 632.8 nm, and other parameters according to Fig. 1 are d = ⌳ G = 500 nm, n c = 1 (the vacuum's refractive index), and n s =−10j (a lossless metallic substrate). The minus-first reflected order diffraction efficiency of this structure is then plotted in Fig. 2 (a) versus the groove width g. In this calculation, the total number of retained harmonics is fixed at 31, i.e., the truncation order N = 15. In this figure, a RCWM with an enhanced transmittance matrix approach [5] (solid curve) and an unconditionally stable S-matrix propagation algorithm (SMPA) with W → S implementation [6] truncation orders and with the presence of growing exponential functions when the field is computed over the entire region are in fact subdued by using enhanced transmittance matrix (solid curve) and the unconditionally stable SMPA (dashed curve), where the groove region is not decomposed into M sublayers. This figure clearly exceeds Fig. 4 of [3] , where the conditionally stable SMPA with M = 100 sublayers and N = 100 is employed. It is even slightly better than Fig. 5 of [3] , where DM-IMS with N = 100 and the SMPA of M = 100 sublayers are employed and artifacts of larger amplitudes are observed. Consequently, DM-IMS does not necessarily provide much more stable results than the RCWM and in fact can be slightly worse.
Strikingly, comparison of Figs. 2(a) and 2(b) further reveals that the amplitude of observed artifacts can be reduced by increasing the total number of retained harmonics. Scrutiny of the inverse rule, i.e., Li's Fourier factorization method [2] , sheds some light on this issue. If a continuous function (or possibly a discontinuous function with removable discontinuity) h͑x͒ is written as a product of two discontinuous but piecewise smooth, bounded periodic functions f͑x͒ and g͑x͒ with period 2, i.e., h͑x͒ = f͑x͒ g͑x͒, then the Fourier coefficients of h͑x͒ can be obtained in accordance with the inverse rule [2] :
where ͓h͔ and ͠1/f͡ denote the vector constructed by Fourier coefficients of h͑x͒, and the symmetrically truncated Toeplitz matrix generated by the Fourier coefficients of 1 / f͑x͒, respectively. However, the uniform convergence of the Fourier series of h͑x͒ whose coefficients are given in the preceding equation is guaranteed if f͑x͒ satisfies either one of the two following conditions [2] : (a) Re͓1/f͔ does not change sign in ͓− , ͒, Re͓1/f͔ 0 in S; a subinterval or a collection of subintervals within ͓− , ͒, and Im͓1/f͔ does not change sign in its complement S ; (b) Im͓1/f͔ does not change sign in ͓− , ͒, Im͓1/f͔ 0 in S; a subinterval or a collection of subintervals within ͓− , ͒, and Re͓1/f͔ does not change sign in its complement S . It is now easy to verify that neither of the preceding conditions is met for the analyzed lossless metallic grating, where the permittivity of metallic region is a purely negative real number and consequently both positive and negative permittivity are present inside the grating region. However, it should be noticed that the above-mentioned conditions are sufficient but not necessary, and there is still a chance to observe quite small truncation errors by applying the inverse rule Fourier factorization. This point is further explained in the following example:
Here, f͑x͒ is equal to the permittivity of the analyzed binary grating made of lossless metal with n c = 1 and n s =−10j. g͑x͒ is also chosen in a fashion that h͑x͒ = f͑x͒ g͑x͒ becomes a continuous function. In this example, the sufficient condition of inverse rule validity is violated; yet, the truncated Fourier series of h͑x͒, i.e., h N ͑x͒, is computed by using the inverse rule, where
and h m coefficients are calculated by using Eq. (1). The overall truncation error is then calculated by using the L 2 norm, i.e., error= ͱ ͐ − ͉h͑x͒ − h ͑N͒ ͑x͉͒ 2 dx. Figure 3 depicts the calculated error versus the truncation order N, where one large anomaly at N =45 and another small one at N = 388 are noticeable. The observed anomalies are further investigated in the insets of Fig. 3 , where h͑x͒ and h ͑N͒ ͑x͒ are both plotted at N = 44, N = 45, and N = 388. In spite of the remarkable error observed at N = 45, h ͑N͒ ͑x͒ is in perfect agreement with h͑x͒ at N = 44. Therefore, the presence of observed artifacts in the diffraction efficiency of binary lossless metallic gratings is rather random and happens at different values of truncation order N, depending on the permittivity of metallic substrate and the groove width g. Inasmuch as the actuality of numerical artifacts varies from case to case, increasing the truncation order N can bring about much better numerical results, as is clearly shown in Fig. 3 , where the second anomaly at N = 388 is not as erroneous as the first one at N = 45. This latter point can explain the diminishment of numerical artifacts in Fig. 2(b) , where 31 retained har- monics of Fig. 2(a) is increased to 201 harmonics. This is also true for analytical nonmodal methods by Fourier expansion, e.g., the recently proposed Legendre polynomial expansion approach [7] , where the coupled differential equation set for the Fourier coefficients of field components is solved by using spectral methods providing even more stable results. Consequently, the presented examples suggest that an increase in the number of retained space harmonics can relieve the presence of numerical artifacts.
On the other hand, the sufficient condition for using the inverse rule is met for lossy metallic gratings, and stable numerical results are in fact expected. To further demonstrate this point, Fig. 2 is reworked, this time with a low-loss substrate ͑n s = 0.05− 10j͒, for which the sufficient condition of inverse rule validity is satisfied. The numerical results are plotted in Fig.  4 , and it is clearly demonstrated that the introduction of such a small loss can either considerably decrease [ Fig. 4 (a) with 31 retained harmonics] or almost eliminate the amplitude of numerical artifacts [ Fig. 4(b) with 201 retained harmonics] . This interesting phenomenon can be related to the fact that the sufficient condition of the inverse rule validity is satisfied and the uniform convergence is guaranteed for any differential technique, including the RCWM and DM-IMS. It should be noticed that the same example is already worked out in [3] , yet the observed effect is implicitly attributed to the allegedly stronger stability of DM-IMS, which would mistakenly make it the sole candidate for handling low-loss gratings. Additional investigation shows that the introduced loss can be further reduced to n s = 0.01− 10j and stable results are still observed.
In conclusion, the violation of inverse rule validity in highly conducting structures is associated with the presence of both positive and negative permittivity inside the grating region. It is shown that numerical artifacts can be reduced by increasing the total number of retained harmonics, where the numerically appropriate RCWM can in fact produce fairly stable results. This is in contrast with what is suggested in [3] , where DM-IMS is proposed as a much more stable approach. A simple numerical example is offered for further justification, and the observed effects are linked to the inverse rule. Finally, the disappearance of numerical artifacts as a result of introducing small losses is explained by resorting to the sufficient conditions of the inverse rule validity. It is shown that this phenomenon is not limited to DM-IMS. 
